A layer of fluid lies between two parallel horizontal walls and the solute concentration and temperature are higher at the bottom wall. The onset of time-periodic instability in this double diffusion problem in three dimensions is analyzed. Periodicity with respect to the hexagonal lattice is assumed. The no-slip condition is imposed at the top and bottom boundaries. There are 11 bifurcating solutions, and their stability is presented. For relatively low solutal and thermal Rayleigh numbers, the solutions are found to be unstable. For the heating of salty water, situations are presented where the standing rolls, the standing patchwork quilt, and either the standing hexagons or the standing regular triangles, may be stable.
INTRODUCTION
Double-diffusive convection concerns flows that can arise when a layer of fluid with a dissolved solute (such as salt) is heated from below. The subject of double-diffusive convection actually covers the more general study of fluids in which there are gradients of two or more properties with different molecular diffusivities. Turner' writes that "When the concentration gradients have opposing effects on the vertical density distribution, a number of surprising things can happen...The phenomena were first studied with an application to the ocean in mind, and because heat and salt are then the relevant properties, the process has been called 'thermohaline' or 'thermosolutal' convection. " The situation with warm salty fluid below cold fluid is considered. The warm fluid tends to rise and the salty fluid, being heavier than fresh fluid, tends to fall, and either an oscillatory motion or a steady convective motion may be seen. The problem of pattern selection in the former case of a time-periodic onset of instability of the rest state will be addressed.
In stability analyses of the rest state,' a popular option has been to replace the no-slip condition at the top and bottom boundaries with zero normal velocity and zero shear stress (the "stress-free" boundary condition). In the simplified case dealing with diffusion of heat alone (the Benard problem), the use of the stress-free condition appears not to change the qualitative behavior of the solutions2 The use of the stress-free boundary condition (the "free-free problem") yields explicit solutions for the linear stability analysis in terms of trigonometric functions. This explicit representation is not available for the case of no slip. In the free-free problem, there is the advantage that the weakly nonlinear interaction may be done explicitly, and in addition, the results are applicable to the problem on binary mixtures.3
The two-dimensional free-free problem with periodicity in the horizontal direction has been examined,4 showing that the oscillations can lead to traveling, standing, modulated, and chaotic waves. Deane et al4 write that "Traveling waves in which a pattern of rolls drifts to the left or right with a uniform speed are the preferred form into which an oscillatory instability develops for a wide range of parameters." They analyze the amplitude equations for the left-and right-traveling waves. They need to go to the fifth order because the third-order Landau coefficient for the traveling wave turns out to be zero. This degeneracy appears to be a coincidental one315 and can be avoided if the no-slip boundary condition is used. The more realistic noslip boundary condition will therefore be adopted here.
The three-dimensional free-free problem has been studied by Nagata and Thomas.6 For oscillatory onset, they present the linear stability of standing rolls, standing squares, and standing hexagons to perturbations restricted to have the same symmetry as the solutions. For example, their results may show that hexagon pattern solutions are locally asymptotically stable with respect to hexagon pattern disturbances, but they do not address whether more generally they may be unstable with respect to roll-like disturbances. Thus, in their work, the competition between solutions (or pattern selection) is not addressed. Moreover, the traveling wave solutions are left to be considered. These issues will be considered here.
The three-dimensional problem is analyzed, assuming double periodicity with respect to a hexagonal lattice. The method of analysis is explained in detail in Chap. III of Ref. 7 , and has already been applied to interfacial oscillations in a two-layer BCnard problem' and a BCnard problem for a viscoelastic liquid. ' The center manifold theorem is invoked to reduce the problem to an ordinary differential equation in Rr2. This yields the amplitude evolution equation in normal form, for which the theory of Ref. 10 is applied. They show existence and the stability analysis for 11 bifurcating solutions: standing rolls, standing hexagons, standing regular triangles, standing patchwork quilt, traveling rolls, traveling patchwork quilt ( 1) and (2), oscillating triangles, wavy rolls ( 1) and (2), and the twisted patchwork quilt. The relevant bifurcation analysis for the case of the square lattice" is simpler than that for the hexagonal lattice, with five primary branches rather than 11: the application of the square lattice results to double diffusion is left for future work.
Numerical results on the application of the pattern selection analysis are presented in Sec. VII. Two particular situations are examined, one of which models salty water.
In both cases, the 11 solutions are found to be unstable for relatively low Rayleigh numbers. At relatively high Rayleigh numbers, the standing wave solutions are favored to be stable.
II. FORMULATION OF EQUATIONS
A fluid is assumed to lie between two parallel plates of infinite extent at z*=O, L in the (x*,y*,z*) plane. Asterisks denote dimensional variables. The upper plate is kept at a constant temperature f38 with solute concentration S$ , and the lower boundary is kept at a higher temperature 13,: with solute concentration ST ; 0$ < 87, Sz < ST.
At temperature 13:) the fluid has thermal coefficient of volume expansion 19, solute coefficient of volume expansion b, thermal diffusivity K~, solute diffusivity K~, viscosity p, density po, and kinematic viscosity y=p/po.
Dimensionless variables (without asterisks) are as fol- In dimensionless form, the following are the transport equations for the temperature and solute concentration, the Navier-Stokes equation with the Oberbeck-Boussinesq approximation, and incompressibility:
div v=O.
The boundary conditions at the plates are v=O at z=O, 1,
8=1, S=l at z=O; 8=0, S=O at z=l.
The condition on the velocity is that of no slip at the plates. However, previous works have used the "stress-free" boundary condition instead, because the eigenfunctions are then available in closed form,1*3-61'2 and so this will be mentioned here and referred to again in Sec. VII. In the stress-free boundary conditions, (2) is replaced by zero normal velocity and zero shear stress: with v= ( u,u,w), au aw a0 aw w=O, z+z=O, z+z=O, at z=o, 1.
A trivial solution to the problem (l)-( 3), [or (l) , (3), (4)], is given by
p=po-Gz+ (RT-Rs)P where p. is a constant. The following analysis is concerned with the stability of this trivial solution and with solutions bifurcating from it. The difference between (&!i',p) and the trivial solution (5) is denoted by (&?,F) . This changes the equations to
~-w-TA~=H~=-(v~V)~,
div v=O,
where the notation Hi has been introduced for the righthand sides of the equations.
The boundary conditions at the walls z=O and 1 are v=o, Lo, s=o.
For the stress-free problem, the velocity boundary condition is (4) instead of v=O.
Ill. LINEARIZED STABILITY ANALYSIS
Bifurcation from the trivial state (5) will be investigated for the situation where criticality is achieved at an isolated value of the Rayleigh numbers by a complex conjugate pair of eigenvalues. The oscillatory nature of the instability is due to the opposing influences of a destabilizing temperature gradient and a stabilizing salt gradient.
The notation of Chap. III of Ref. 7 is used throughout. The key steps will be reproduced here. In the x and y directions, the solution is assumed to be doubly periodic, e.g., iZJ(x+nlxl+n2x2,t) =?i(x,t) for every pair of integers (n t ,n2), where x = (x,v,z) and the vectors x1 and x2 span a hexagonal lattice of period W:
The lattice obtained from this double periodicity is invariant under the symmetries of the hexagon; that is, rotation by multiples of 60", reflection across the vectors ai defined by
and reflection across axes perpendicular to the ai. The same periodicity condition holds for S, v, and 5 We can then expand these variables in a Fourier series; for instance B(x,y,z,t) = f. ~~kl(z,t)eikal.x+i1a2'x.
k,l= -m Next, the linearization of problem (6)-( 10) is investigated. In this linearized problem, the method of separation of variables is used, i.e., solutions of the form
are sought, and similarly for v, p, and S. This leads to an eigenvalue problem for o. Due to symmetry under rotation about the z axis, the eigenvalues do not depend on the direction of the vector kai + la,, but only on its magnitude a:
For a specific wave number a, this equation determines the period W of the lattice. Since k and I are arbitrary integers, the factor k2+ Z2-kZ can be 0, 1, 3, 4, 7, . . . . The mode k=Z=O is not of interest in the linear problem, but will enter into then nonlinear interactions later. The smallest nonzero value of kz+ Z2-kl is 1, for which W is WI =4?r/da. This occurs for six possible pairs (k,Z): (*l,O), (0,&l), (l,l), and (-1,-l). Thus, there is a sixfold degeneracy of the corresponding eigenvalue. It is noted that the solutions with period WI are also permitted as solutions on lattices with larger periods. At a value of k" + I2 -kl larger than one, two possibilities exist.
(i) There is again a sixfold degeneracy of the eigenvalue.Forexample,k2+Z2-kZ=3
(1,-l), and (-1,l). Here, the value W from Eq. ( 15) is W1v?=4m-/a. However, the solutions with lattice period ?Vi are also solutions with lattice period Wlv'3 with respect to the spanning vectors W, 16(1,0,0) and WIti(&fl/2,0). Thus the case P+Z2-kZ=3 will yield the same physical solutions as the case P+ Z2-kZ= 1; only the orientation of the patterns with respect to the lattice is different. The size of the physical pattern of a solution is determined by the critical wave number ac. In the case of a sixfold degeneracy, the solutions with k2+P-kl equal to each of the possible integers are identical after a rotation.
(ii) There is a higher than sixfold degeneracy. For example, the case k2+Z2 -kZ= 7 leads to the possibilities (3,2), (2,3), (-3,-2 -l) , and (-1,2). In this case, it is possible that new patterns arise, in addition to the solutions for k2 + Z2 -kZ= 1. The classification of such patterns is an open problem.
Thus, the choice is made to set p + i2 -kZ= 1, and the eigenvalue problem for the case Z=O, k= 1 must be examined. Here, al = (a,O,O) . This is the two-dimensional linearized form of Eqs. (6)-( lo), where disturbances are proportional to exp (at+ iax). The velocity u = ( U, w ) , perturbation O(x,z) to the temperature, perturbation s(x,z) to the solute concentration, and perturbation p to the pressure satisfy the following equations.
For O~zg 1, &=w+AO,
m=w+rAs,
At z=O, 1, s=o=o,
u=w=o.
The linearized equations for U, arising from Eqs. (6)-( lo), are decoupled from the rest of the problem and yield only stable eigenvalues. A spectral method, namely the Chebyshev-tau method,'3t'4 is used to discretize Eqs. (16)- (22). This method approximates the eigenvalues for C" eigenfunctions with infinite-order accuracy.
Our computer code was checked as follows. The conditions for steady onset o=O are found analytically by setting W&=0
in Eqs. (16) The code was written with a flag which could switch the velocity boundary condition from that of no slip to the stress-free condition (4). This helped to debug the code by comparing with the analytical solution for the stress-free condition. For the stress-free problem, Eqs. 
where R, denotes the critical Rayleigh number in the analogous BCnard problem,2
R0=27r4/4, a=rr/vT.
The expression for the complex conjugate pair of eigenvalues at criticality is6*'5
For other values of a along the neutral stability curve for the BCnard problem, the Rayleigh number is given by
Equation (28) will be used in Sec. VII. The quantities (24)- (27) were verified for our code. For instance, the least stable eigenvalue o is ( -O, lE-7, h9 .9488) at a=2.221 441 5, ~=0.01, P=l.O, Rs=600, RT=973.727 34 with 15 Chebyshev modes. All other eigenvalues were found to be negative real, indicating a neutrally stable situation.
IV. PROBLEM IN FINITE DIMENSION
In this section, the relevant results of Ref. 10 are summarized. They consider a reduced system of the form
where UER'~ and L is a real parameter. The parameter/z is the bifurcation parameter. For instance, this may be the difference between the thermal Rayleigh number and its critical value, R,-RTC. The vector u consists of amplitude factors that multiply the critical eigenfunctions. These critical eigenfunctions are waves propagating in the directions of a1, a,, a3=--al-a2 and -al, -a2, --a3, where these vectors are defined by Eq. ( 12). We denote the (complex) amplitude of the wave propagating in the direction of ai by zj and the amplitude of the wave propagating in the direction of -ai by zf+3.
We set u= (z1,z2,zs,z4,z5,z~). The system (29) can be written in the form dzi dt+Fi(~l,~2,~3,~4,~s,~6,jl) =O, i= l,..., 6.
The original equations governing the problem are invariant under any rotation in the x-y plane, translations in the x-y plane, and reflections across the axes: x--+ -x, y+ -y. The symmetries of the "problem" are those of the equations plus the imposed double periodicity. The problem is invariant under any translations in the x-y plane, and the symmetries of the hexagon. A symmetry of the "solution" is the symmetry operation that, applied to the solution, reproduces the solution; this involves a more restricted class of symmetry operations than those of the problem.
It follows from some of the properties of the hexagonal symmetry (namely, invariance after rotation by 2?r/3, by 4~13, by z-~ by 5~/3, and by r/3 radians, respectively) that ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ (31) Fg(z1, ~2, ~3, ~4, ~5, ~g, jl) =Fl(zs,z6,Z4,Z2,Z3,Z1,~., F6(z1 ,z2,z3 ,z4,z5,zs,A 1 =FI (~6~4,~s ,z3 JI 9~2 ,a). (51) belonging to the six critical eigenfunctions, and the amplitude evolution equation is E!q. (32).
(1) Standing rolls: zt =z4. z,=z,=z,=z~=O. The symmetries of the hexagonal lattice and the theory of normal forms can be used to reduce F, to the form
where the dots denote terms of higher than third degree. It is assumed that criticality is at /2=0 and that instability occurs for /2>0, i.e., ~(0) is purely imaginary and Re p'(O) < 0. Equation (32) is the ultimate form of our problem and this is the equation in "normal form."
There are 12 degrees of freedom for the eigenfunctions. Roberts et al. find all time-periodic solutions that are given by two degrees of freedom rather than 12. In other words, they consider those solutions which have enough symmetries that the 12-dimensional eigenspace reduces to two dimensions if the symmetries are imposed. This means that just one of the zj is free while the others are related to each other. For example, when they impose invariance under rotations by multiples of 60" and reflections across the axes of the hexagon, they obtain a two-dimensional solution set where the zi are equal and get the standing hexagon (see solution number 2 in Table I ).
Roberts et al. find 11 qualitatively different classes of bifurcated solutions (Table I) . Each of the 11 classes of solutions can be characterized by a certain relationship which gives z,, z3, z4, z5, and z6 in terms of zi. For example, if z1=z4 and z2=z3=zs=z~=0, then there are waves of equal amplitudes traveling in opposite directions, so that the pattern is a standing wave. Of course, other solutions can be obtained from these by a symmetry of the hexagonal lattice; e.g., the standing rolls can be rotated by 120" to obtain' another solution. This corresponds to the choice z2=z5 and z,=z3=z4=z6=0.
Some patterns get turned as time progresses (for example, the wavy rolls are turned by 60" at time one-sixth of a period, and then are back to the original position after a period) so there are spatiotemporal symmetries as well that are considered by Roberts et al. to get the whole picture. References 7 and 10 display the patterns corresponding to the solutions. The plots represent the leading-order linear terms in the solution and are generated from the eigenfunctions.
The list of bifurcated solutions in Table I is complete in the set of solutions restricted by the symmetries to a twodimensional subspace of Ri2. A complete discussion of the stability of the 11 solutions" is shown in Table II . The stability is with respect to perturbations with the double periodicity; A0 > 0 corresponds to a supercritical bifurcation. The terms $I and q2 are determined at higher order. There are situations where the higher-order terms would have to be computed. For instance, if the stress-free boundary conditions are used, then the coefficient A0 in Table II for the traveling rolls is zero,' and the stability of that solution is indeterminate at this order. It turns out that for the no-slip conditions, this indeterminacy does not arise.
In Sec. VII, typical "bifurcation diagrams" [cf.
Figs. 1 (a)-1 (c)] will be shown for the 11 solutions. In order to do this, the quantities oi and hi in Table II 
If the bifurcation parameter is the thermal Rayleigh number R, and R,, denotes the critical value, then
since the eigenvalue is an analytic function of R,. With this, and the expression for A0 in Table II for the standing rolls, Eq. (34) yields I cl as
which is plotted as the vertical axis. The diagram is therefore constructed from the values of A0 for each solution, those branching left being subcritical, and those branching right being supercritical. Some observations can already be made from Table II . The traveling patchwork quilt ( 1) (number 6) is never stable. Also, there are some mutually exclusive cases. For example, if the traveling rolls are stable, then the standing rolls, oscillating triangles, and traveling patchwork quilt (2) must all be unstable. The oscillating triangles and the twisted patchwork quilt or wavy rolls (2) cannot simultaneously be stable. Also, the wavy rolls ( 1) and traveling patchwork quilt (2) cannot both be stable.
Looking at the standing rolls (SR) and traveling rolls (TR) in Table II , A 1 sR = -A, rR. The stress-free problem4 possesses the additional property A,rn=O, so that A ISR=-&~R=-~~~~, AoTR=O.
(37) Therefore, in the stress-free problem, the standing rolls are either subcritical, indeterminate, or supercritical unstable. ReCat+a2) Re(a,--al) W-a,-a,+a,+a,) I --al-a2+a3+a,12-laSIZ Rda,+a,+2a,+2a,+2aS) Re (a,-a,+2a3-2a,-2as)  Re(a,--a,-a,+a,-2a,) Re(a,+a2-cr,-a,-4a,) Ia~+a~-a~-a~-4a~~2-~acr,+a,-a~-a,+2a,~2 It is interesting to note that a supercritical branch can be unstable in this situation where the critical eigenvalue is not simple but sixfold. Nagata and Thomas6 studied the stability of some of the above solutions with respect to restricted perturbations with the same symmetries as the solutions themselves; this yields the A0 but not the Ai, i= 1, 2 l... . Solutions on a supercritical branch for R, near its critical value are6.0rbitally asymptotically stable with respect to perturbations of the same cellular structure, while solutions on a subcritical branch are unstable. We have applied a theory" of pattern selection which determines whether solutions on a supercritical branch are also stable with respect to perturbations of a different cellular structure.
V. NONLINEAR ANALYSIS: REDUCTION TO FINITE DIMENSION
In order to obtain an amplitude evolution equation in normal form, the partial differential equations governing the problem must be reduced to a finite set of ordinary differential equations. This is achieved by invoking the cen-
R-Rc PIG. 1. Bifurcation diagrams for the three-dimensional free-free problem. r= lo-"', P= 1, a=2r/3, &=660.517 82. The horizontal axis is the difference RT-RTc between the thermal Rayleigh number and the critical value. The vertical axis is the amplitude Ix, I. ,The 11 solutions presented in the diagrams are traveling rolls (TR), standing rolls (SR), traveling patchwork quilt (2) [TPQ (2) ter manifold theorem which says that in the neighborhood of criticality, the dynamics is governed by the six critical modes. I6
This set of unknowns, v, F,$, and 8, is denoted by Cp. Equations (6)-( 10) can be written in the schematic form L@=N2(<p,@).
Here the operator L incorporates the linear terms, while N2 stands for the quadratic terms. The real linear operator L can be written in the form A + (d/dt) B. We also introduce the notation L(a) =A + all. The definition of N2 is extended in a symmetric fashion to the case when the arguments are different:
For example, if N,(Q,@)=+(d@/dz), then &(f,g) =0.5 (f dg/dz+g df/dz). This represents the average of the two "permutations" of the quadratic expression.
Solutions Cp with the periodicity of the hexagonal lattice are sought, where the period W [see Eq. ( 15)] is given by 4n-/av'3 and a is the critical wavelength found in the linear analysis of Sec. III. The fluid properties are regarded as fixed and the thermal Rayleigh number is taken as a bifurcation parameter. We set il = R -R,, where R, is the critical value of the thermal Rayleigh number.
The reduction to the center manifold will involve the solution of problems of the form L(a) 4, = f. Note that in (6)-( 10) no nonlinear terms appear in the incompressibility condition and the boundary conditions on the walls, and therefore the corresponding components of f are always assumed to be zero. The other components off are labeled ft through f5 in accordance with the labeling of the components of H in (6)-( 10): here, f denotes a general form for the nonlinearities and H denotes the particular ones in (6.)-( 10).
For any a, the operator L(a) -has-a trivial onedimensional null space (u=v=w=8=S=O, p=const) due to the fact that we can add an arbitrary constant to the pressure; to make the pressure unique p is set equal to 0 at z= 1. It is noted that F does not enter into the actual calculations for the coefficients of the normal form equation (30).
At criticality (n=O), there is a pair of complex conjugate eigenvalues *iw of the linearized problem, and each of them has six eigenfunctions. For il near 0, --p(A) denotes the eigenvalue which arises from perturbing -iw. We denote by (k(1), k=l, 2, . . . . 6 the eigenfunctions be-
and those belonging to -p(d) are their complex conjugates.
The eigenfunctions <k are related to each other by rotations. Let P$ denote the transformation of rotation through angle 4:
Pp ( cos $ -sin f$ Sill4 cos fp 1 *
With <P=(u,u,w,~,&?), where (u,u,w) is the velocity at (x,y,z), we define a transformation Q4 which consists of two rotations, one on the velocity and one on the point in space:
The physical meaning of the transformation Q@ is that we take a given pattern @ and rotate it by an angle 4. The eigenfunction computed in Sec. III has the form -. fi=g(z)exp(ia, ax), where al= (a,O,O), x= (x,y,z), and a is the critical wave number. The other eigenfunctions are obtained as follows:
These correspond to the values of (k,Z) in ( 14) of (0,l ), (-1,-l), (-l,O), (O,-l),and (l,l).Thesetransformations can be visualized as follows. The vectors *a,, *a,, and +a3 defined by Eq. ( 12) emanate from the center of a hexagon and terminate at its six vertices. The vertex given by the end of the vector al is identified with the eigenfunction 1;t. The values of @( u,u,w,P,&!?) at that vertex belongs to ct. Now rotate c1 by r radians to get to the opposite vertex. The x and y components of the velocity for c4 are then facing the other way from that of ct, so that the set of variables in Q, for c4 is that of fi except for ( -U, -u). In addition, the coordinates of the vertex given by the end of a2 is ( -x,-y) of that given by al. The other transformations in (43) can be visualized in similar ways.
The dependence of [k on x and y is as follows: c1 evaluated at a particular coordinate (x*,y*) in the plane depends on x* and y* through exp(iax*) and has no y* dependence; in other words, the exponential dependence is only on the first component of the coordinate. Let us look at one of the variables, say w. Since c2 = Q2,,&t, the w of cZ at the point (x*,y*) is the w of c, at the point P-.,,n (x*,y*) , where 
for every a, and have the same dependence on x and y as the respective eigenfunctions ck. Here ( * , * ) denotes an appropriate inner product, e.g., the L2 inner product. In the actual computations, there is no need to calculate the physical components (u,u,w,gs> of bk, because we are dealing with a discretized problem where L[-,u(A.)] becomes a finite-dimensional matrix. We can then choose ( * , . ) to be the Euclidean inner product in the finitedimensional space and the bk simply become the null vectors of the adjoint matrix.
In our computations, the inner product of two functions gl and g2, expressed in terms of Chebyshev polynomials, N gl= i~og~i~i(~)ex~(ia,x+i~), N 92= i~~g2iTi(z^)exp(ia2x+i~~~, 2^=2z-1, is the following Euclidean inner product: (45) (gl g2),SS~exP[i(-al+az)x+i(-B~+B)yldxdy , J-S.&x dr (46) Here A represents a cell of the hexagonal lattice, i.e., the parallelogram spanned by the two basis vectors x1 and x2 of (11). Thus, unless -al+a2=-&+fi2=0, the inner product vanishes (because of periodicity ) .
The adjoint eigenvector for the problem in Sec. III has the form bl=b(z)exp(ial*x).
In analogy with the &, the other bk)s are obtained as follows:
where Rgf(x~,z)=[f~,PQ,(f~,f3),f4,fsl[P-~(x,~),zl.
Here, the transformation R4 is analogous to Q$ so that the rotation P+ is applied to the components f 2, and f 3, that arise from the (u,v) components of the velocity. These relationships are used later in the calculation of $i/ in Eq. (66). For instance, the calculation of q12 necessitates the evaluation of [b6,N2(c1 ,c2;>] and [&,N2(c1 ,c2) ]. These are, respectively, [R_,,3b,,R_lr,3N2(51,~2) Thus, with the use of Eqs. (48) and (49) 
The inner product of (38) Next, the projection 1-e is applied to (51). Since A&=p(a) B&, LQ>= iI j%+P)ziBsi+ jl ($++%+LY. (62) The application of I-h-to the terms_under summations yields zero,Hence (I-IT) L@= (I-II) LY. Using (52) and (53) The center manifold theorem states that, in a neighborhood of Q>=O, there is a manifold r (called the center manifold) of the form Y =r(z1,z2,z3,z4,z5,z~) with the following properties:
(1) (2) (3) All solutions with initial data on the center manifold remain on the center manifold as long as they remain small. All small periodic solutions lie on the center manifold. The stability of a small periodic solution is determined by its stability within the center manifold, in other words, all Floquet multipliers corresponding to directions outside the center manifold are stable.
The center manifold is usually not uniquely determined but, even if there are many center manifolds, their asymptotic expansions agree to all orders. The above properties hold for every center manifold.
In order to make use of the results of Sec. IV at the leading nonlinearities, only quadratic terms in the asymptotic approximation to the center manifold are required. Thus, the first property above is used to write the following expression:
where the dots indicate terms of higher than quadratic order. The second property above says that the solutions of interest (the small periodic solutions, taking into account the nonlinear terms) are found on the center manifold. These are solutions close to the linear eigenfunctions. There need not be a center manifold if amplitudes become large.
Without loss of generality, the symmetry conditions +ij=+ji, .Xij=fji,
are assumed. Equation (64) is inserted into (63) and (6 1 
Many of the inner products in (66) and (67) vanish. For example, in the equation for $t t , N2( c1 ,ct> is proportional to exp( 2&x) and none of the bk have this x,y dependence. Moreover, we only need to evaluate I,$* at /z =O, and hence ' * computed from [~-2~(0)B~11=N2;;~,~~).1~h~, the components 8, u, v, w, p, and S of $rt satisfy the following equations:
-PAv+$+2m=Hx of Nz(f~,Cd,
-w---7A$+2&=Hs of N2(c1,gl), --u=v=13=S=O at z=O, 1.
Similarly, xl1 is found from A~tt =~,~t,~t). Here, N2( c1 ,c, ) is independent of x and y. Let 6, S, u, v, w, and p represent the components of xll. The divergence-free condition on the velocity yields w=O. The Laplacian A is a'/&.
The components satisfy
of NdL&L u=v=iY=S=O at z=O, 1.
Note that if we switch to the stress-free condition (4), the last condition on u and v is replaced by u'=v'=O at z=O, 1. the following reduced system is obtained, which is accurate to third order, from (6 1)
This problem yields solutions u(z) and v(z) which are indeterminate up to a constant, To rule out this indeterminacy in our calculations, the average value of u (and v) is set equal to 0. Finally, the goal is to compute the coefficients in the normal form equation (at A=O) and only a subset of the $'s and x's is actually required for that purpose.
With the notations dzi ,,+~(~)zi=(bi,N2(~~,~~))+2(bilN2(~1,Y2)).
Obviously this system is of the form (30) and it satisfies the symmetry conditions (3 1). To determine the form of t_e function Ft, we note that 6, is of the form b(z)exp( z&> and hence it is sufficient to consider only those terms in iV2(@t,@t)+2N2(<P1,Y2) which have an (xy) dependence which is also proportional to exp(icrx). The following form for F1 is obtained:
We define only the coefficients (Yi, pi, and yi which will appear in the normal form equation:
P1(a>=-2(bl,N2i~5;s,~6'6)), 17 for applications to Hopf bifurcation with symmetry). The "phase shift" is an extra symmetry present in the normal form but not in the original problem. The original problem yields Eq. (7 1) , Here, if zj is phase shifted by 8, then z& is an ezi4 term and .T2T3 is an eC2@ term so these have, in a way, the "wrong" shifts. However, these get transformed away in the process of transformations to the Birkhoff normal form. The terms that stay are the ones given in Eq. (32). In Ref. 17, it is stated and proved that the terms in Eq. (71) that can be transformed away are the ones that have the "wrong" phase shifts.
We first transform away the quadratic terms in (71) by setting
The variables Z2, F3, Z4, Fs, and ZG are defined in such a way that the hexagonal symmetry is preserved, i.e., using the same permutations of the arguments that appear in (3 1).
A new transformed system is obtained. Finally, the normal form (32) can be achieved by using the further transformation ,1,2,. .. for each of the 11 solutions: traveling rolls (TR), standing rolls (SR), traveling patchwork quilt (2) [TPQ(2)], traveling patchwork quilt (1) [TPQ( l)], oscillating triangles (OT), wavy rolls (1) [WR( l)], standing patchwork quilt (SPQ), twisted patchwork quilt and wavy rolls (2) [TPQ and WR (2)], and standing hexagons and standing regular triangles (SH and SRT). Each branch is subcritical (unstable) if A0 i 0 and supercritical (stable or unstable depending on the other A*) if A.,> 0. A branch is stable if all Ak, k=O,l,...,r are positive and unstable if any of them is negative. This table corresponds to the parameter set of Fig. 1 (b) 
with the other Zi is defined using the permutations that appear in (31). The coefficients in the new system are the coefficients in Eq. (72) and
PIP3 IP312 a5=n2-CL-T-.
VII. RESULTS AND DISCUSSION
This section is begun with a discussion of the stressfree problem ( 1) , ( 3 > , and (4). The two-dimensional problem was analyzed in Ref. 4 and was used to check our calculations in this limit. Their traveling waves and standing waves correspond to our traveling rolls (solution 5 in Tables I and II) and standing rolls (solution 1 in Tables I  and II) . Their analysis for the amplitude function of the left-traveling waves (analogous to our zq) and righttraveling waves (our zi ) goes to the fifth order. Their Eqs. (4) and (5) express the interaction of our z1 and z4 waves. Their coefficient b is our A, for the traveling rolls (TR), and they show that b=O. Since b ==0, the stability of the TR is indeterminate at third order and they were required to go to tifth order, which showed that the TR are supercritical. (Table III) This provides a check of a1 and a2 in Eq. (72).
Figures 1 (a>-1 (c) show the bifurcation diagrams for the 11 solutions in the three-dimensional stress-free problem, corresponding to cases (i)-(iii).
The vertical axis is the amplitude of the right-traveling wave component of each solution ].
Those solutions branching left are subcritical, and those branching right are supercritical. The traveling rolls are represented by the vertical line since h, TR=O. These figures, however, show only part of the investigation of stability of the solutions, since it is possible for supercritical solutions to be unstable if the Ai, i= 1,2,... happen to be negative. In fact, all of the solutions displayed are unstable [see Table III for Fig. 1 &)I. Nagata and Thomas, 6 in Part II of their work, investigate the existence and stability of time-periodic standing rolls, standing squares, and standing hexagons, to perturbations with the same structure as the solutions. Their analysis yields the he for the three types of standing wave solutions, two of which correspond to our SR and SH (solutions 1 and 2 of Tables I and II Rs=lO', RT, =75 029.95, a=5.599. plies subcritical) which is equivalent to our -he at various values of the Prandtl number, Lewis number, and solutal Rayleigh number. In particular, the standing hexagons switch from supercritical in Fig. 1 (b) to subcritical in Fig We turn to the problem (l)- (3) with the no-slip conditions. The major effect of changing the velocity boundary conditions is that the A0 for the traveling rolls is no longer zero. In addition, the critical wave number for the stressfree problem is ?r/Q independent of the other parameters, but this is not true for the no-slip problem. In the BCnard problem (S=O), the critical thermal Rayleigh number R,, and the critical wave number a increase when the stress-free condition is replaced by the no-slip condition, and so this is expected here.
Figures 2( a)-2(c) show the bifurcation diagrams at the critical situations which correspond to the solutal Rayleigh number, Prandtl number, and Lewis number of Figs.  1 (a)-1 (c) . The SR is subcritical in all the cases and the TR switches between Fig. 2(b) and Fig. 2(c) , and all of the solutions are unstable. Figures 1 (a) -1 (c) and 2(a)-2(c) look quite different. Another instance in the literature where the switch in the velocity boundary condition produced different results'* is the competition between rolls and squares in binary fluid convection.
A number of critical situations were examined in the range 103<R,<106, P= 1, r= 10-l". The results are summarized in Table IV . The 11 solutions are unstable unless the Rayleigh numbers become relatively large. As the R, increases, so does the R, at criticality, since the solute concentration effect must counteract the thermal effect to provide for the oscillatory onset. The standing rolls are stable at R, around 800 000, while the standing hexagons or standing regular triangles are stable for R, around 4.0X 106.: These events occur for thermal Rayleigh numbers of order one million (Table V) , but this is not an outrageous number, considering that typical values2"g for water are &--5X 10M4K-', f3T -f3$ < lOK, K~zc~O-~ cm'/sec, Y=: low2 cm2/sec, gz lo3 cm/set'. Substituting these into Fq. (12), we find L3 to be of order 2, L being TABLE VI. Pattern section results at P= 10.0, r---0.01, for the no-slip problem at oscillatory onset. The 11 solutions are traveling rolls (TR), standing rolls (SR), traveling patchwork quilt (2) [TPQ (2) measured in cm. This places the thermal Rayleigh numbers of order one million to be within laboratory scales.
The thermohaline convection problem is examined for P= 10.0, r=O.Ol, corresponding to the heating of cold salty water. The linear stability of the two-dimensional stress-free problem was done in Ref. 12. A summary is presented in Table VI . For low Rayleigh numbers, the branches were found to be unstable. At higher Rayleigh numbers, such as R,= l.OE+6, the standing rolls are stable. Higher than this, the solutions become supercritical, and at R,=2.OE+7, three standing wave solutions are found to be stable. These are the standing rolls, the standing patchwork quilt, and either the standing hexagons or the standing regular triangles, depending on the fifth-order terms as indicated in Table II . The difference with the results in Table IV is that more than one solution turns out to be stable here. The Landau constants for this situation are given in Table VII . The solutions, when ordered ac- cording to the size of the first coefficient A0 as they would be in a bifurcation diagram, are SR, TR, TPQ( 1 ), SPQ, OT, TPQ(2), SH and SRT, WR(l), and TPQ and WR(2). Thus, the standing wave solutions which are stable are interspersed with the other solutions in this ordering.
The pattern selection analysis of Ref. 10 has been applied to the double diffusion problem with the no-slip condition. The results in Tables IV-VII have shown that the 11 solutions tend to be unstable for low Rayleigh numbers, while a number of standing wave solutions may be stable at high Rayleigh numbers. ACKNOWLEDGMENTS I thank Professor Edgar Knobloch (University of California-Berkeley) for discussions. This work was sponsored by the Department of the Navy, Office of the Chief of Naval Research, under Grant No. N00014-92-J-1664. The content of the information does not necessarily reflect the position or the policy of the Government, and no official endorsement should be inferred.
